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EQUIENERGETIC GRAPHS USING CARTESIAN PRODUCT AND
GENERALIZED COMPOSITION

HARISHCHANDRA S. RAMANE, DANESHWARI PATIL,
K. ASHOKA AND B. PARVATHALU

ABSTRACT. The energy of a graph is the sum of the absolute values afigse
values. Two graphs of same order are said to be equieneiistay have same
energy. Several papers dealing with equienergetic graypbtseén the literature
and most of these papers consists of equieneregtic regalghg In this paper
we give regular as well as non-regular, equieneregtic graging the Cartesian
product and also by generalized composition through elojeitaartition.

1. INTRODUCTION

Let G be a simple graph with vertex sétG) = {v1,v2,...,va}. A graph is an
r-regular graphif all its vertices have the same degree equal tbhecomplement
of a graphG is the graphG with vertex seV¥ (G) =V (G) and two vertices iiG are
adjacent if and only if they are not adjacent3n Theline graphof G, denoted by
L(G) is the graph whose vertex set has one-to-one correspondeticthe edges
of G and two vertices are adjacentlifiG) if and only if the corresponding edges
are adjacent ic. Fork=1,2,..., thek-th iterated line graph o is defined as
L¥(G) =L(L*"1(G)), whereL%(G) = GandL'(G) = L(G). LetK, be the complete
graph om vertices andK, 4 be the complete bipartite graph ar= p+q vertices
[11].

Theadjacency matrixf a graphG is ann x nmatrix A(G) = [a;j], in whicha;; =
1 if the verticesv; andv; are adjacent and; = 0, otherwise. Theharacteristic
polynomialof G, denoted byp(G : X) is the characteristic polynomial 8{G). The
eigenvalues oA(G) labeled as\1 > A, > --- > A, are called theigenvalue®f G
and their collection is called thepectrumof G [7]. If A1,A»,..., A are the distinct
eigenvalues o6 with respective multiplicitiesn, mp, ..., my, then the spectrum of

G is denoted by
) VI VO |
SDECQG):(mi m22 rnk(>’
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wheremy +mp+---+meg=n.
Two graphs are said to lm@spectralif they have the same spectra.
Theenergyof a graphG, denoted byE(G), is defined as the sum of the absolute
values of the eigenvalues Gf[9]. That is,

Z(G) = iw.

More results on graph energy can be found in [10, 14, 18].

Two graphsG; and G, of the same order are said to bguienergeticif they
have the same energy. Numerous results on non-cospecjuinergetic graphs
have appeared in the literature. Balakrishnan [3] and &taxé [30] constructed
equienergetic graphs using tensor product of graphs. Raetaad. [22] and Liu et
al. [15] constructed equienergetic graphs by joining twapiis. Bonifacio et al. [4]
and Ramane et al. [21] obtained some classes of equieregyaphs through the
Cartesian product, tensor product and strong product ghgraRamane et al. [24,
25] obtained non-cospectral equienergetic iterated Iraptys from regular graphs.
For other results on equienergetic graphs one can see [&,22515,16,19,20,29].

Most of the papers mentioned above are on equienergetihigraghich are
regular. In this paper we obtain equieneregtic graphs usiagcartesian product.
Further we construct equienergetic graphs using genedaimmposition through
equitable partition. Using these techniques we can getregtilar and non-regular
equienergetic graphs.

Theorem 1.1. [27] Let G be an r-regular graph on n vertices and m edges,
with eigenvaluesd\1,A,,...,An. Then the eigenvalues of G) are Aj+r —2, i =
1,2,...,nand—2 (m— ntimes).

Theorem 1.2. [26] Let G be an r-regular graph of order n with eigenvalues
A1, A2,...,An. Then the eigenvalues Gfare n—r —1,—A—1,...,—A,— 1.

Theorem 1.3. [25] Let G; and G be regular graphs of the same order n and of
the same degreex 3. Then for k> 2, LX(G;) and LX(G;) are equienergetic.

Theorem 1.4. [20] Let G; and & be regular graphs of the same order n and of
the same degree* 3. Then for k> 2, Lk(G;) andLk(G,) are equienergetic.

2. EQUIENERGETIC GRAPHS USINGCARTESIAN PRODUCT

TheCartesian producbf two graphsG; andGs is the graphG1 G, with vertex
setV(G1) x V(Gy), in which the verticegus, up) and(vi,V,) are adjacent if either
up is adjacent tavg in G; anduy = v or up = vp andu, is adjacent tor, in Go.

Theorem 2.1. [6] If A1, Ao, ..., A, are the eigenvalues ofiGnd , L, ..., Um are
the eigenvalues of £§3then the eigenvalues ofiGG, are Aj + 1, i =1,2,...,n;
j=12,....m.
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Theorem 2.2. Let LX(G) denote the k-th iterated line graph of G foek0,1,2, ...
Then

(@) E(L*(KnnOKn_1)) = E(L¥(Kn_1.n-10Kp)) for all n > 5.

Proof. As Ky n[Kn—1 andKn_1n—100K,, are both regular graphs of the same order
and of the same degree, by Theorems 1.3 and 1.4, the resailtsuarfork > 2.
Now, it is enough to prove the statement koe 0, 1.

(a) Case 1.1: Whek = 0.

Spedinn) = (2 e _1n>
and
Speg¢Kn-1) = (nz : n__12> :
Therefore by Theorem 2.1

2n—-2n—-1 n-2 -1 -2 —n-1
Spe‘éK“v”DK“—l):( 1 n-22-2@2n-2)n-2) 1 n—2>' (1)

Similarly

2n-2n—-2 n-1 -1 0 —n
Spe‘éK”—L“—lDK”):( 1 n-121-4@2n-4n-1) 1 n—1>' (2.2)
Therefore

E(KnnOKn-1) = [2n— 2|+ n—1|(n—2)+ |n—2|(2n—2)
+|-1(2n-2)(n—2)+|—-2|+|—n—1|(n—2)
=2(n—1)(3n—4)
and
E(Kn—1n-10Kn) = |2n—=2|+|n—2|(n— 1)+ |n—1|(2n—4)
+|—-1/@2n—4)(n—1)+|—n|(n—1)
=2(n—1)(3n—4).

Hencef(Kn’nDanl) = Z(anl’nflmKn).

Case 1.2: Whek = 1.
Both Kn nOKn-1 andKy_1 510K} are regular graphs of the same ordefr2— 1)
and of the same degrea 2 2. Hence by Theorem 1.1 and by Egs. (2.1) and (2.2),

4n—6 3n—-5 3n—6 n-5
SpenéL(Kn.nDKnl)):( 1 n-2 -2 (2n—-2)(n—2)

2n—6 n-5 -2
1 n-2 Z1(n—l)(n—2)> (2:3)
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and

-6 3n—-6 3n-5
SpectL(Knl,nlDKn)):< 1 n-1 2n—4 (2n—4)(n—-1)

2n—4 n-—-4 -2
1 n-1 21(n—1)(n—2)>' (2.4)

Therefore
E(L(KnnOKn-1)) = [4n—6|+|3n—5|(n—2) +|3n—6|(2n—2)
+|2n—5|(2n—2)(n—2) +|2n— 6|+ |n—5|(n—2)
+|—2|2n(n—1)(n—2)
= 8n(h—1)(n—2)
and

E(L(KhnOKn-1)) = [4n—6|+|3n—6|(n—1)+[3n—5|(2n—4)
+|2n—-5|(2n—4)(n—1)+|2n— 4|+ |n—4|(n—1)
+|—2|2n(n—1)(n—2)

= 8n(n—1)(n—2).

Hence’E(L(KmnDKn_l)) - 'E(L(Kn_Ln_lDKn)).
(b) Case 2.1: Whek = 0.

GraphsK nOKn-1 andKn_1 n- 10K, are regular graphs of ordeng — 1) and of
degree 2— 2. By Theorem 1.2 and by Egs. (2.1) and (2.2),

Speo(KmnDKn—l):(an_fn—i_l n__nz _z?j_zl (2n—2§)(n—2)

1 n>

1 n-2

and

Spqunl,nlﬂKn):<2n2_fn+l _nn_—i_ll Zn__n4 (2n—4())(n—1)
-1 —1+n>
1 n-1)°

Therefore
E (KnnOKn_1) = |20 —4n+1|+|—n|(n—2) +|—n+1|/(2n—2)
+1+1n|(n—2)

= 2(3n*—6n+2)
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and
E (Knin10Kn) = |2 —4n+1|+|—n+1|(n—1)+|—n|(2n—4)
+|=1+|—-1+n|(n-1)
= 2(3n*—6n+2).
Hencef (KanKn_l) == f (Kn_Ln_lDKn) .

Case 2.2: Whek = 1.
GraphsL (KnnOKn-1) andL(Kn-1n-10Kp) are regular graphs of order
2n3 — 4n? + 2n and of degreed— 6. By Theorem 1.2 and by Egs. (2.3) and (2.4),

— 2n® —4n?—2n+5 —-3n+4 —-3n+5
Speq(L(Kna Ky 1) ) = < LS s
—2n+4 —-2n+5 —n+4 1

(2n—2)(n—2) 1 n-2 2n(n-—1)(n—2)

and

2n®—4n?—2n+5 —3n+5 —3n+4
SpeC(L(Kn—lm—lmKn)) = <

1 n—-1 n—-4
—2n+4 -2n+3 —n+3 1 )
(2n—4)(n—1) 1 n—-1 2n(n—1)(n—-2)/"
Therefore
f(W) = |2n®—4n’—2n+5/+|—-3n+4/(n—2)
+|=3n+5/(2n—2)+ | —-2n+4{(2n—2)(n—2)
+|—2n+5/4+|—-n+4|(n—2)+2n(n—1)(n—2)
= 2(4n*—10n*+2n+5)
and
f(W) = |2n®—4n’—2n+5|+|—-3n+5/(n—1)
+|—-3n+4|/(2n—4)+|—-2n+4|(2n—4)(n—1)
+|—2n+3|4+|—-n+3|(n—1)+2n(n—1)(n—2)
= 2(4n*—10n*+2n+5).
HenceE (m) —z (L(Kn_lm_lDKn)). O

Theorem 2.3. Let G; and & be r-regular, equienergetic graphs of order n. Then
for p>r, £ (G10K,) = £ (GoUK).
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Spe¢Kp) = (pll p__11> :

riA ... A
Spe¢Gl):<1 ™ mt)

Proof.

Let

k

where L+ 3 my =n.
i=2

By Theorem 2.1

r$p—1 r—1 A+p—-1 -+ A+p-1
Spe¢GlDKp)=< Yool m

A—1 - A1 >
mp(p—1) -+ m(p-1))°
The graphG;UKp is a regular graph onp vertices with regularityr + p— 1.
Therefore by applying Theorem 1.2 to the spectrurgfiK,, we get

. /Ap=r—p T AP - A
spec(GiIky) — ("P Ty TP e P P

-2 - >
mp(p—1) -+ m(p-1))°
Therefore
k k
E(GlﬂKp)=Inp—r—p|+|—r|(p—1)+_22m|—m—p|+;m(p—l)l—>\i|
1= 1=

k
=np—r-— p+r(p—l)+;m(ki+ P)

k
+ (p—-1) Zmlxil, sinceAi +p> —r+p=>0
i=

=np—r—p+r(p—1)+[-r+pn-21)]+(p—H[E(G) —r]

=2(np—p—r)+(p—1E(Gy). (2.5)
Similarly we can show that
E (GoOKp) =2(np—p—r1)+ (p—1)E(Gy). (2.6)
Thus result follows from Eqgs. (2.5) and (2.6) @g and G, are equienergetic.
O

Theorem 2.4. Let G; and & be r-regular, equienergetic graphs of order n. Then
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Proof.
_(p 0O -—p
Spec{KQD) - (1 2p—2 1 ) .
Let
r )\2 )\k
Spec¢G;) =
) pecGy) (1 m ... mk>’
where 1+ ¥ m =n.
i=2
By Thelorem 2.1
_(r+p r r—=p A2+p - A+p
Spe¢G1UKpp) = < 1 2(p—1) 1 mp My
A2 Ak Aa—p - 7\k—p>
2mp(p—-1) --- 2m(p-1) my - om )7
Therefore )
E(G10Kpp) = [r+p|+[r2(p—1) +|r —p| +_;m\7\i +p|
1=
k k
+ > 2m(p—1)[Ai|+ > mAi—p|
=r+p+2r(p—1)+p-r+ ;m(ki +p)
=
k k
+2(p—1) ) mAi|+ > m(p—Ai)
sinceAi+p>—r+p>0and\i—p<r—p<0
=2np+2(p—1)E(Gy). (2.7)
Similarly we can show that
E(G0Kp p) =2np+2(p—1)E(Gy). (2.8)
Thus the result follows from Egs. (2.7) and (2.8X&asandG; are equienergetic.
O

3. EQUIENERGETIC GRAPHS USING GENERALIZED COMPOSITION

If Gis a graph with verticegy, Vo, ..., Vv, then the grapl[H, Hy,. . ., Hy] called
generalized compositigns formed by taking the disjoint graph$;,Ho, ..., Hj
and then joining every point ¢ to every point oH; whenever the verticeg and
vj are adjacent iiG [28].

The automorphism group @ induces a partition of its points into orbits. If
the verticesu andv are in the same orbit, s&y;, then certainly for any orbiO;,
the vertexu must have as many neighbors@j asv does. Thus, denoting the set
of points adjacent to asN(u), we have| N(u) UO; |=| N(v) UO;j |. A partition
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ViUV U...UV of V(G) is equitableor (coloration) [17] if for eachi and for all
u,ve Vi, | N(u)nV; |=| N(v)nV; | for all j [28].

For example, the partition &f(G) into singletons is always equitable. In gener-
alized composition, if a grapH is regular therV (H) can be taken as a partite set
in an equitable partition. IP is an equitable partition, we associate with K a k
matrix Q = [qj], whereq;j =| N(v) NV; | for anyv € V;. Such a matrix is called a
quotient matrixor acoloration matrix

Let @M : x) denotes the characteristic polynomial of the maltdix

Theorem 3.1. [28] If V1,Vs,...,Vk is an equitable partition of a graph G, then
@(Q : x) divides@(G : x).

Theorem 3.2. [28] Let G be a graph on n vertices. Ifiks an r-regular garph,
i=1,2,...,n,then MH1) UV (Hz2)U...UV(Hy) is an equitable partition of
G[Hl, Ho, ..., Hn] and
0 o(H; 1 x)
G|H1,Ha,....,Hy 1 X) = T X —
WGIHL o, ol ) = oQ: X [] S

Theorem 3.3. [7] Let K, be a complete graph of order n and He a regular
graph of order kand of degreeir such that m—ri=pfori=1,2,....n. Then
Kn[H1,H2,...,Hq] is (t = s— p)-regular with order s= S, ki so that

D o@(H; 1 X
O(Kn[H1,Ha, ..., Hy] i %) = (x—t)(x+s—t)"* HM
Proposition3.1 [22] Let G; andG; ber-regular, equienergetic graphs of the same
ordern. ThenK;[Gy,K,] andK;[G2, K] are equienergetic.

Proposition3.2 [23] Let G; andG; ber-regular, equienergetic graphs of the same
ordern andH be any regular graph. The{p[G;,H] andK;[G;,,H] are equiener-
getic.

Lemma 3.1. Let G be an r-regular graph of order n and H be a non-regulargjia
of order k. Then the spectrum 0§, H] is Spe¢Q) U (Spe¢G)\{r}) where Q is
the quotient matrix of G, H].

Proof. LetV (H) = {v1,Vv2,...,%}. As Gis regular anH is non-regular, the par-
tition V(G) U (UK_;{vi}) can be taken as an equitable partition and the quotient
matrix can be written as

r 1 1 ... 1
n 0 ap ... ax
n

o1 0 ... ax

n aga ak ... 0
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0 otherwise.
Therefore by Theorem 3.1, SpéG[G,H|) = Spe¢Q) U (Spe¢G)\{r}). O

Theorem 3.4. Let G be any graph of order n. LetsHand H., be r-regular,
equienergetic graphs of the same order k. |fislany graph of order ik i =
1,2,...,n,then GHy,Hy,...,He,,...,Hny) @and GH1,Ha, ..., He,, ..., Hp] are equi-
energetic, where one of;hk replaced by | and H., respectively forl <i <n
in G[Hy,Ha,...,Hi,...,Hy]. In addition if Hg, and He, are equienergetic, then
G[H1,H2,...,He,,...,Hn] and G[H1,Ha,...,He,,...,Hy] are also equienergetic.

where N { 1 if v andv; are adjacent it
J —

Proof. If H; is a regular graph, thevi(H;) is a partite set and ifl; is non-regular
then each vertex dfli can be taken as a partite set foKd < n. These two kind
of partite sets together form an equitable partitio®ffly, Ho, ... Hi,...,Hp]. The
quotient matrices corresponding to the equitable pantiocG[H1,Hz, ... ,He, .. .,
Hn] and of the equitable partition @&[H1,Ha,...,He,,...,Hy] are the same and can
be written as

D1 a12b1oB1o - @aibiBy -+ @inbinBin
a21021B21 D2 o AgibgiBi -+ @nbnBan
Q= a1bi1Bin  azbiBiz - Di =+ ainbinBin
anbniBnt  anbn2Br2 -+ @nibniBni - Dn
where
~_J1 ifv andv; are adjacent il
710 otherwise,
D — A(H;i) if H;is a non-regular graph
" if H; isrj-regular graph,
k; if Hj is non-regular andli; is regular
b kj if Hi andH; are both regular
! 1 if Hjis regular andH; is non-regular
1 if Hy andH;j are both non-regular
and _ _ _
Jox1  if Hiis non-regular andfi; is regular
B _ 1 if H; andH; are both regular
1] —

Jixk,  if Hiis regular andd; is non-regular
Jxk  if Hi andHj are both non-regular,
whereld is the matrix whose all entries are equal to 1.
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Therefore by Theorem 3.2,
Spe¢G[H1, H2, ey H617 ey Hn])

= ( U [Spec{Hj)\{rj}]> U (SpecHe)\{r}) UspecQ).
=1
Wheneven—Jlj#ils ri-regular

Therefore
E(G[Hl,Hz,. ..7He17.. .,Hn])

= ( S ws(Hn—r,-]) +E(He) 1+ E(Q).
7
wheneveH; is rj-regular

Similarly we can get
E(G[Hl,Hz,. ..7Hez7.. .,Hn])

n
=< S ws(Hn—r,-]) +E(He,) — 1+ E(Q).
=1
J#i
wheneveH; is rj-regular
SinceHg, andHe, are equienergetic, the result follows.
In addition if Hs, andHe, are equienergetic the@[H;,Hy, ..., He,, ... ,Hq] and
G[H1,H2,...,He,...,Hn] are also equienergetic. The proof follows with the same
equitable partition by incorporating the following chasge

~_J1 ifv andv; are adjacent i
710 otherwise

and

D — A(Hi) if H; is a non-regular graph
'Yk —ri—1 if Hisri-regular graph.

Hence

T (G[Hl,Hz,...,Hel,...,Hn])

=< Zl [f(_j)—(kj—fj—l)]> +E(Hey) - (k=1 =)+ Z(Q)
1=
WheneverHJj#ils ri-regular

and
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Z (GHy Hz, . Hey, -, Hi)

=< Zl [Z(H_j)—(kj—fj—l)]> +E(He,) = (k=1 = 1)+ £(Q).
1=
Wheneven—Jlj#ils ri-regular

SinceHe, andHg, are equienergetic, the result follows. O

Corollary 3.1. Let G be any graph of order n,ddand H., be r-regular, equiener-
getic graphs of the same order k. If i an r-regular graph of order ki = 1,2,
...,n,then GH1,Ha,... He,...,Hy] @and GH1,Ha, ... He,, .. .,Hy| are equiener-
getic, where one of His replaced by | and H., respectively forl <i <n
in G[H1,Ha,...,Hi,...,Hq]. In addition if Hs, and He, are equienergetic then
G[H1,H2,...,He,,...,Hn] andG[H1,Ha, ... He,,...,Hy| are also equienergetic.

Proof. AsHy,Ha, ..., Hi,...,H, are regular graphs);' ; V (H;) is an equitable par-
tition of G[H1,Hy,...,Hi,...,Hp]. The quotient matrix corresponding to the equi-
table partition ofG[H1,Ho, ... ,Hi,...,Hy] for Hi = He, and forH; = He, is same
and can be written as

ri apky --- agk -+ ampks
agtky  r2 - agk oo gk
Q= aitki  apke -1 - apkn |
amki apky - agk - 1y

where
1 if vy andv; are adjacent i
gjj = .
0 otherwise.

Therefore by Theorem 3.2,
Spe¢G[H17 H27 ey Hel, ey Hn])

= [J [SpedH))\{r;}]U (SpecHe,)\{r}) USpecQ).
F
Therefore
E(G[H1,Ha, ..., Hey, ..., Hn])
= Zl[f(H,-) — 1]+ E(He) —r + E(Q).
=
j#i
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Similarly we can get
n
E(G[H1,Hz,...,He,,....Hn]) = Z [E(Hj) —rj]+ E(He,) —r + E(Q).
=1
J#i
SinceHg, andHe, are equienergetic, the result follows.
In addition if Hs, andHe, are equienergetic the®[Hy,Hy, ..., He,...,Hq] and
G[H1,Ha,...,He,,...,Hn] are also equienergetic. The proof follows with the same
equitable partition by incorporating the following chasge

g — 1 if v andv; are adjacent i
"7 )0 otherwise,

with ki — ri — 1 as diagonal entries in the above quotient mafrifor 1 <i <n.
Hence

% (GH1 Hz, . Hey, ., Hi) )

>

= l[f(H_j) —(kj—rj =] + E(He) — (k=1 = 1)+ £(Q)

X

!
J

and
% (GHy, Hz, . ey, Hi)
n
= > [E(H) — (kj—rj = 1)] + E(He,) — (k=1 = 1) + Z(Q).
=1
J#i
SinceHg, andHe, are equienergetic, the result follows. O

Corollary 3.2. Let G be any graph of order n. If i and H, are equiener-
getic graphs of the same order &nd of the same degreg i = 1,2,...,n, then
G[He,;,Heys - - -, Heyy) @nd GHe,,, He,,, - - - ,He,, ] @re equienergetic.

Proof. As Hg; is a regular graph foj = 1,2 and 1< i < n, the partitions

U1V (He,) andUi 1V (He, ) are equitable partitions @[He,,, He,,, - - -, He,,] @and
G[He,;, He,,s - - - ,He,,] respectively. The quotient matrix corresponding to thepe e
uitable partitions is the same and can be written as

ri  apke -+ agk -+ anks
aptky  r2 - gk - gk
Q= aitky  apky oo 1 oo apkn |

amki apky - ank - 1y
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where
1 if v andv; are adjacent iiG
gjj = .
0 otherwise.

Therefore by Theorem 3.2,

Spe¢G[Hey, Heyy, - - - Hew)) = | [SPedHey )\ {ri}] U'Spe¢Q).
i=1

Therefore
n

E (G[Hell7 Helzv LR Heln]) = Zi [‘E(Heli) - ri] + ‘E(Q)
Similarly we get

E (G[Hezp Hep, - Hezn]) = Zi [‘E(Hezi) - ri] + ‘E(Q)

SinceHg,, andHg, are equienergetic, the result follows. O
Remark3.1
(1) In Corollary 3.1, ifG = Kn and’,Hq,Ha, ..., Hj,...,Hy with Hi =H¢, and
Hi =He, are such thaky —r1 =kp —r;=--- =k—r=--- =k, —ry=p and

ki+ko+---+k+---+ky=s, thenG[H1,Hy, ... ,He,...,Hq] and
G[H1,Ha,...,He,,...,Hn] are of orders and of degre¢ = s— p with £(Q) =

t -+ (n—1)(s—t). This way of construction enables us to construct a family of
regular equienergetic graphs.

(2) If the conditions in the above remark are not satisfiedgetea family of non-
regular equienergetic graphs.

(3) The proposed method of construction given in Theoreml€ads to a fam-
ily of co-spectral as well as non co-spectral equienerggiphs when a pair
(He,, He,) Of co-spectral or non co-spectral equienergetic regukaplis of the
same order and of the same degree are considered.

(4) Propositions 3.1 and 3.2 are particular cases of Coyold.
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