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EQUIENERGETIC GRAPHS USING CARTESIAN PRODUCT AND
GENERALIZED COMPOSITION

HARISHCHANDRA S. RAMANE, DANESHWARI PATIL,
K. ASHOKA AND B. PARVATHALU

ABSTRACT. The energy of a graph is the sum of the absolute values of its eigen-
values. Two graphs of same order are said to be equienergeticif they have same
energy. Several papers dealing with equienergetic graphs exists in the literature
and most of these papers consists of equieneregtic regular graphs. In this paper
we give regular as well as non-regular, equieneregtic graphs using the Cartesian
product and also by generalized composition through equitable partition.

1. INTRODUCTION

Let G be a simple graph with vertex setV(G) = {v1,v2, . . . ,vn}. A graph is an
r-regular graphif all its vertices have the same degree equal tor. Thecomplement
of a graphG is the graphG with vertex setV(G) =V(G) and two vertices inG are
adjacent if and only if they are not adjacent inG. Theline graphof G, denoted by
L(G) is the graph whose vertex set has one-to-one correspondencewith the edges
of G and two vertices are adjacent inL(G) if and only if the corresponding edges
are adjacent inG. For k = 1,2, . . ., thek-th iterated line graph ofG is defined as
Lk(G) = L(Lk−1(G)), whereL0(G) =G andL1(G) = L(G). LetKn be the complete
graph onn vertices andKp,q be the complete bipartite graph onn= p+q vertices
[11].

Theadjacency matrixof a graphG is ann×nmatrixA(G)= [ai j ], in whichai j =
1 if the verticesvi andv j are adjacent andai j = 0, otherwise. Thecharacteristic
polynomialof G, denoted byφ(G : x) is the characteristic polynomial ofA(G). The
eigenvalues ofA(G) labeled asλ1 ≥ λ2 ≥ ·· · ≥ λn are called theeigenvaluesof G
and their collection is called thespectrumof G [7]. If λ1,λ2, . . . ,λk are the distinct
eigenvalues ofG with respective multiplicitiesm1,m2, . . . ,mk, then the spectrum of
G is denoted by

Spec(G) =

(

λ1 λ2 · · · λk

m1 m2 · · · mk

)

,
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wherem1+m2+ · · ·+mk = n.
Two graphs are said to becospectralif they have the same spectra.
Theenergyof a graphG, denoted byE(G), is defined as the sum of the absolute

values of the eigenvalues ofG [9]. That is,

E(G) =
n

∑
i=1

|λi |.

More results on graph energy can be found in [10,14,18].
Two graphsG1 andG2 of the same order are said to beequienergetic, if they

have the same energy. Numerous results on non-cospectral, equienergetic graphs
have appeared in the literature. Balakrishnan [3] and Stevanović [30] constructed
equienergetic graphs using tensor product of graphs. Ramane et al. [22] and Liu et
al. [15] constructed equienergetic graphs by joining two graphs. Bonifácio et al. [4]
and Ramane et al. [21] obtained some classes of equienergetic graphs through the
Cartesian product, tensor product and strong product of graphs. Ramane et al. [24,
25] obtained non-cospectral equienergetic iterated line graphs from regular graphs.
For other results on equienergetic graphs one can see [1,2,5,8,12,15,16,19,20,29].

Most of the papers mentioned above are on equienergetic graphs, which are
regular. In this paper we obtain equieneregtic graphs usingthe Cartesian product.
Further we construct equienergetic graphs using generalized composition through
equitable partition. Using these techniques we can get bothregular and non-regular
equienergetic graphs.

Theorem 1.1. [27] Let G be an r-regular graph on n vertices and m edges,
with eigenvaluesλ1,λ2, . . . ,λn. Then the eigenvalues of L(G) are λi + r − 2, i =
1,2, . . . ,n and−2 (m−n times).

Theorem 1.2. [26] Let G be an r-regular graph of order n with eigenvalues
λ1,λ2, . . . ,λn. Then the eigenvalues ofG are n− r −1,−λ2−1, . . . ,−λn−1.

Theorem 1.3. [25] Let G1 and G2 be regular graphs of the same order n and of
the same degree r≥ 3. Then for k≥ 2, Lk(G1) and Lk(G2) are equienergetic.

Theorem 1.4. [20] Let G1 and G2 be regular graphs of the same order n and of
the same degree r≥ 3. Then for k≥ 2, Lk(G1) andLk(G2) are equienergetic.

2. EQUIENERGETIC GRAPHS USINGCARTESIAN PRODUCT

TheCartesian productof two graphsG1 andG2 is the graphG1�G2 with vertex
setV(G1)×V(G2), in which the vertices(u1,u2) and(v1,v2) are adjacent if either
u1 is adjacent tov1 in G1 andu2 = v2 or u1 = v1 andu2 is adjacent tov2 in G2.

Theorem 2.1. [6] If λ1,λ2, . . . ,λn are the eigenvalues of G1 and µ1,µ2, . . . ,µm are
the eigenvalues of G2, then the eigenvalues of G1�G2 are λi +µj , i = 1,2, . . . ,n;
j = 1,2, . . . ,m.
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Theorem 2.2. Let Lk(G) denote the k-th iterated line graph of G for k= 0,1,2, . . ..
Then

(a) E(Lk(Kn,n�Kn−1)) = E(Lk(Kn−1,n−1�Kn)) for all n ≥ 5.
(b) E(Lk(Kn,n�Kn−1)) = E(Lk(Kn−1,n−1�Kn)) for all n ≥ 4.

Proof. As Kn,n�Kn−1 andKn−1,n−1�Kn are both regular graphs of the same order
and of the same degree, by Theorems 1.3 and 1.4, the results are true fork ≥ 2.
Now, it is enough to prove the statement fork= 0,1.

(a) Case 1.1: Whenk= 0.

Spec(Kn,n) =

(

n 0 −n
1 2n−2 1

)

and

Spec(Kn−1) =

(

n−2 −1
1 n−2

)

.

Therefore by Theorem 2.1

Spec(Kn,n�Kn−1) =

(

2n−2 n−1 n−2 −1 −2 −n−1
1 n−2 2n−2 (2n−2)(n−2) 1 n−2

)

. (2.1)

Similarly

Spec(Kn−1,n−1�Kn) =

(

2n−2 n−2 n−1 −1 0 −n
1 n−1 2n−4 (2n−4)(n−1) 1 n−1

)

. (2.2)

Therefore

E(Kn,n�Kn−1) = |2n−2|+ |n−1|(n−2)+ |n−2|(2n−2)
+ |−1|(2n−2)(n−2)+ |−2|+ |−n−1|(n−2)

= 2(n−1)(3n−4)

and

E(Kn−1,n−1�Kn) = |2n−2|+ |n−2|(n−1)+ |n−1|(2n−4)
+ |−1|(2n−4)(n−1)+ |−n|(n−1)

= 2(n−1)(3n−4).

HenceE(Kn,n�Kn−1) = E(Kn−1,n−1�Kn).

Case 1.2: Whenk= 1.
Both Kn,n�Kn−1 andKn−1,n−1�Kn are regular graphs of the same order 2n(n−1)
and of the same degree 2n−2. Hence by Theorem 1.1 and by Eqs. (2.1) and (2.2),

Spec(L(Kn,n�Kn−1)) =

(

4n−6 3n−5 3n−6 2n−5
1 n−2 2n−2 (2n−2)(n−2)

2n−6 n−5 −2
1 n−2 2n(n−1)(n−2)

)

(2.3)
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and

Spec(L(Kn−1,n−1�Kn)) =

(

4n−6 3n−6 3n−5 2n−5
1 n−1 2n−4 (2n−4)(n−1)

2n−4 n−4 −2
1 n−1 2n(n−1)(n−2)

)

. (2.4)

Therefore

E(L(Kn,n�Kn−1)) = |4n−6|+ |3n−5|(n−2)+ |3n−6|(2n−2)

+|2n−5|(2n−2)(n−2)+ |2n−6|+ |n−5|(n−2)

+|−2|2n(n−1)(n−2)

= 8n(n−1)(n−2)

and

E(L(Kn,n�Kn−1)) = |4n−6|+ |3n−6|(n−1)+ |3n−5|(2n−4)

+|2n−5|(2n−4)(n−1)+ |2n−4|+ |n−4|(n−1)

+|−2|2n(n−1)(n−2)

= 8n(n−1)(n−2).

HenceE(L(Kn,n�Kn−1)) = E(L(Kn−1,n−1�Kn)).

(b) Case 2.1: Whenk= 0.
GraphsKn,n�Kn−1 andKn−1,n−1�Kn are regular graphs of order 2n(n−1) and of
degree 2n−2. By Theorem 1.2 and by Eqs. (2.1) and (2.2),

Spec
(

Kn,n�Kn−1
)

=

(

2n2−4n+1 −n −n+1 0
1 n−2 2n−2 (2n−2)(n−2)

1 n
1 n−2

)

and

Spec
(

Kn−1,n−1�Kn
)

=

(

2n2−4n+1 −n+1 −n 0
1 n−1 2n−4 (2n−4)(n−1)

−1 −1+n
1 n−1

)

.

Therefore

E
(

Kn,n�Kn−1
)

= |2n2−4n+1|+ |−n|(n−2)+ |−n+1|(2n−2)

+1+ |n|(n−2)

= 2(3n2−6n+2)
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and

E
(

Kn−1,n−1�Kn
)

= |2n2−4n+1|+ |−n+1|(n−1)+ |−n|(2n−4)

+|−1|+ |−1+n|(n−1)

= 2(3n2−6n+2).

HenceE
(

Kn,n�Kn−1
)

= E
(

Kn−1,n−1�Kn
)

.

Case 2.2: Whenk= 1.
GraphsL(Kn,n�Kn−1) andL(Kn−1,n−1�Kn) are regular graphs of order
2n3−4n2+2n and of degree 4n−6. By Theorem 1.2 and by Eqs. (2.3) and (2.4),

Spec
(

L(Kn,n�Kn−1)
)

=

(

2n3−4n2−2n+5 −3n+4 −3n+5
1 n−2 2n−2

−2n+4 −2n+5 −n+4 1
(2n−2)(n−2) 1 n−2 2n(n−1)(n−2)

)

and

Spec
(

L(Kn−1,n−1�Kn)
)

=

(

2n3−4n2−2n+5 −3n+5 −3n+4
1 n−1 2n−4

−2n+4 −2n+3 −n+3 1
(2n−4)(n−1) 1 n−1 2n(n−1)(n−2)

)

.

Therefore

E

(

L(Kn,n�Kn−1)
)

= |2n3−4n2−2n+5|+ |−3n+4|(n−2)

+|−3n+5|(2n−2)+ |−2n+4|(2n−2)(n−2)

+|−2n+5|+ |−n+4|(n−2)+2n(n−1)(n−2)

= 2(4n3−10n2+2n+5)

and

E

(

L(Kn,n�Kn−1)
)

= |2n3−4n2−2n+5|+ |−3n+5|(n−1)

+|−3n+4|(2n−4)+ |−2n+4|(2n−4)(n−1)

+|−2n+3|+ |−n+3|(n−1)+2n(n−1)(n−2)

= 2(4n3−10n2+2n+5).

HenceE

(

L(Kn,n�Kn−1)
)

= E

(

L(Kn−1,n−1�Kn)
)

. �

Theorem 2.3. Let G1 and G2 be r-regular, equienergetic graphs of order n. Then
for p≥ r, E

(

G1�Kp
)

= E
(

G2�Kp
)

.
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Proof.

Spec(Kp) =

(

p−1 −1
1 p−1

)

.

Let

Spec(G1) =

(

r λ2 . . . λk

1 m2 . . . mk

)

,

where 1+
k
∑

i=2
mi = n.

By Theorem 2.1

Spec(G1�Kp) =

(

r + p−1 r −1 λ2+ p−1 · · · λk+ p−1
1 p−1 m2 · · · mk

λ2−1 · · · λk−1
m2(p−1) · · · mk(p−1)

)

.

The graphG1�Kp is a regular graph onnp vertices with regularityr + p− 1.
Therefore by applying Theorem 1.2 to the spectrum ofG1�Kp, we get

Spec
(

G1�Kp
)

=

(

np− r − p −r −λ2− p · · · −λk− p
1 p−1 m2 · · · mk

−λ2 · · · −λk

m2(p−1) · · · mk(p−1)

)

.

Therefore

E
(

G1�Kp
)

= |np− r − p|+ |− r|(p−1)+
k

∑
i=2

mi|−λi − p|+
k

∑
i=2

mi(p−1)|−λi|

= np− r − p+ r(p−1)+
k

∑
i=2

mi(λi + p)

+ (p−1)
k

∑
i=2

mi|λi |, sinceλi + p≥−r + p≥ 0

= np− r − p+ r(p−1)+ [−r + p(n−1)]+ (p−1)[E(G1)− r]

= 2(np− p− r)+ (p−1)E(G1). (2.5)

Similarly we can show that

E
(

G2�Kp
)

= 2(np− p− r)+ (p−1)E(G2). (2.6)

Thus result follows from Eqs. (2.5) and (2.6) asG1 andG2 are equienergetic.
�

Theorem 2.4. Let G1 and G2 be r-regular, equienergetic graphs of order n. Then
for p≥ r, E(G1�Kp,p) = E(G2�Kp,p).
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Proof.

Spec(Kp,p) =

(

p 0 −p
1 2p−2 1

)

.

Let

Spec(G1) =

(

r λ2 . . . λk

1 m2 . . . mk

)

,

where 1+
k
∑

i=2
mi = n.

By Theorem 2.1

Spec(G1�Kp,p) =

(

r + p r r − p λ2+ p · · · λk+ p
1 2(p−1) 1 m2 · · · mk

λ2 · · · λk λ2− p · · · λk− p
2m2(p−1) · · · 2mk(p−1) m2 · · · mk

)

.

Therefore

E(G1�Kp,p) = |r + p|+ |r|2(p−1)+ |r − p|+
k

∑
i=2

mi|λi + p|

+
k

∑
i=2

2mi(p−1)|λi |+
k

∑
i=2

mi|λi − p|

= r + p+2r(p−1)+ p− r +
k

∑
i=2

mi(λi + p)

+ 2(p−1)
k

∑
i=2

mi |λi|+
k

∑
i=2

mi(p−λi)

sinceλi + p≥−r + p≥ 0 andλi − p≤ r − p≤ 0

= 2np+2(p−1)E(G1). (2.7)

Similarly we can show that

E(G2�Kp,p) = 2np+2(p−1)E(G2). (2.8)

Thus the result follows from Eqs. (2.7) and (2.8) asG1 andG2 are equienergetic.
�

3. EQUIENERGETIC GRAPHS USING GENERALIZED COMPOSITION

If G is a graph with verticesv1,v2, . . . ,vn then the graphG[H1,H2,. . . ,Hn] called
generalized composition, is formed by taking the disjoint graphsH1,H2, . . . , Hn

and then joining every point ofHi to every point ofH j whenever the verticesvi and
v j are adjacent inG [28].

The automorphism group ofG induces a partition of its points into orbits. If
the verticesu andv are in the same orbit, sayOi, then certainly for any orbitO j ,
the vertexu must have as many neighbors inO j asv does. Thus, denoting the set
of points adjacent tou asN(u), we have| N(u)∪O j |=| N(v)∪O j |. A partition
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V1∪V2∪ . . .∪Vk of V(G) is equitableor (coloration) [17] if for each i and for all
u,v∈Vi , | N(u)∩Vj |=| N(v)∩Vj | for all j [28].

For example, the partition ofV(G) into singletons is always equitable. In gener-
alized composition, if a graphH is regular thenV(H) can be taken as a partite set
in an equitable partition. IfP is an equitable partition, we associate with it ak×k
matrix Q= [qi j ], whereqi j =| N(v)∩Vj | for anyv∈Vi . Such a matrix is called a
quotient matrixor acoloration matrix.

Let φ(M : x) denotes the characteristic polynomial of the matrixM.

Theorem 3.1. [28] If V1,V2, . . . ,Vk is an equitable partition of a graph G, then
φ(Q : x) dividesφ(G : x).

Theorem 3.2. [28] Let G be a graph on n vertices. If Hi is an ri-regular garph,
i = 1,2, . . . ,n, then V(H1)∪V(H2)∪ . . .∪V(Hn) is an equitable partition of
G[H1,H2, . . . ,Hn] and

φ(G[H1,H2, . . . ,Hn] : x) = φ(Q : x)
n

∏
i=1

φ(Hi : x)
x− r i

.

Theorem 3.3. [7] Let Kn be a complete graph of order n and Hi be a regular
graph of order ki and of degree ri , such that mi − r i = p for i = 1,2, . . . ,n. Then
Kn[H1,H2, . . . ,Hn] is (t = s− p)-regular with order s= ∑n

i=1 ki so that

φ(Kn[H1,H2, . . . ,Hn] : x) = (x− t)(x+s− t)n−1
n

∏
i=1

φ(Hi : x)
x− r i

Proposition3.1. [22] Let G1 andG2 ber-regular, equienergetic graphs of the same
ordern. ThenK2[G1,Kp] andK2[G2,Kp] are equienergetic.

Proposition3.2. [23] Let G1 andG2 ber-regular, equienergetic graphs of the same
ordern andH be any regular graph. ThenK2[G1,H] andK2[G2,H] are equiener-
getic.

Lemma 3.1. Let G be an r-regular graph of order n and H be a non-regular graph
of order k. Then the spectrum of K2[G,H] is Spec(Q)∪ (Spec(G)\{r}) where Q is
the quotient matrix of K2[G,H].

Proof. Let V(H) = {v1,v2, . . . ,vk}. As G is regular andH is non-regular, the par-
tition V(G)∪

(

∪k
i=1{vi}

)

can be taken as an equitable partition and the quotient
matrix can be written as















r 1 1 . . . 1
n 0 a12 . . . a1k

n a21 0 . . . a2k
...

...
n ak1 ak2 . . . 0

















EQUIENERGETIC GRAPHS 15

where
ai j =

{

1 if vi andv j are adjacent inH

0 otherwise.

Therefore by Theorem 3.1, Spec(K2[G,H]) = Spec(Q)∪ (Spec(G)\{r}). �

Theorem 3.4. Let G be any graph of order n. Let He1 and He2 be r-regular,
equienergetic graphs of the same order k. If Hi is any graph of order ki , i =
1,2, . . . ,n, then G[H1,H2, . . . ,He1, . . . ,Hn] and G[H1,H2, . . . ,He2, . . .,Hn] are equi-
energetic, where one of Hi is replaced by He1 and He2 respectively for1 ≤ i ≤ n
in G[H1,H2, . . . ,Hi, . . . ,Hn]. In addition if He1 and He2 are equienergetic, then
G[H1,H2, . . . ,He1, . . . ,Hn] and G[H1,H2, . . . ,He2, . . . ,Hn] are also equienergetic.

Proof. If Hi is a regular graph, thenV(Hi) is a partite set and ifHi is non-regular
then each vertex ofHi can be taken as a partite set for 1≤ i ≤ n. These two kind
of partite sets together form an equitable partition ofG[H1,H2, . . . ,Hi, . . . ,Hn]. The
quotient matrices corresponding to the equitable partition of G[H1,H2, . . . ,He1, . . . ,

Hn] and of the equitable partition ofG[H1,H2, . . . ,He2, . . . ,Hn] are the same and can
be written as

Q=



















D1 a12b12B12 · · · a1ib1iB1i · · · a1nb1nB1n

a21b21B21 D2 · · · a2ib2iB2i · · · a2nb2nB2n
...

...
. . .

...
. . .

...
ai1bi1Bi1 ai2bi2Bi2 · · · Di · · · ainbinBin

...
...

. . .
...

. . .
...

an1bn1Bn1 an2bn2Bn2 · · · anibniBni · · · Dn



















,

where

ai j =

{

1 if vi andv j are adjacent inG
0 otherwise,

Di =

{

A(Hi) if Hi is a non-regular graph
r i if Hi is r i-regular graph,

bi j =



















k j if Hi is non-regular andH j is regular
k j if Hi andH j are both regular
1 if Hi is regular andH j is non-regular
1 if Hi andH j are both non-regular

and

Bi j =



















Jki×1 if Hi is non-regular andH j is regular
1 if Hi andH j are both regular
J1×kj if Hi is regular andH j is non-regular
Jki×kj if Hi andH j are both non-regular,

whereJ is the matrix whose all entries are equal to 1.
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Therefore by Theorem 3.2,

Spec(G[H1,H2, . . . ,He1, . . . ,Hn])

=

(

n⋃

j=1
j 6=i

wheneverH j is r j -regular

[Spec(H j)\{r j}]

)

∪ (Spec(He1)\{r})∪spec(Q).

Therefore

E (G[H1,H2, . . . ,He1, . . . ,Hn])

=

(

n

∑
j=1
j 6=i

wheneverH j is r j -regular

[E(H j)− r j ]

)

+E(He1)− r +E(Q).

Similarly we can get

E (G[H1,H2, . . . ,He2, . . . ,Hn])

=

(

n

∑
j=1
j 6=i

wheneverH j is r j -regular

[E(H j)− r j ]

)

+E(He2)− r +E(Q).

SinceHe1 andHe2 are equienergetic, the result follows.
In addition if He1 andHe2 are equienergetic thenG[H1,H2, . . . ,He1, . . . ,Hn] and

G[H1,H2, . . . ,He2, . . . ,Hn] are also equienergetic. The proof follows with the same
equitable partition by incorporating the following changes:

ai j =

{

1 if vi andv j are adjacent inG

0 otherwise

and

Di =

{

A(Hi) if Hi is a non-regular graph

ki − r i −1 if Hi is r i-regular graph.

Hence

E

(

G[H1,H2, . . . ,He1, . . . ,Hn]
)

=

(

n

∑
j=1
j 6=i

wheneverH j is r j -regular

[

E(H j)− (k j − r j −1)
]

)

+E(He1)− (k− r −1)+E(Q)

and
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E

(

G[H1,H2, . . . ,He2, . . . ,Hn]
)

=

(

n

∑
j=1
j 6=i

wheneverH j is r j -regular

[

E(H j)− (k j − r j −1)
]

)

+E(He2)− (k− r −1)+E(Q).

SinceHe1 andHe2 are equienergetic, the result follows. �

Corollary 3.1. Let G be any graph of order n, He1 and He2 be r-regular, equiener-
getic graphs of the same order k. If Hi is an ri-regular graph of order ki , i = 1,2,
. . . ,n, then G[H1,H2, . . . ,He1, . . . ,Hn] and G[H1,H2, . . . ,He2, . . .,Hn] are equiener-
getic, where one of Hi is replaced by He1 and He2 respectively for1 ≤ i ≤ n
in G[H1,H2, . . . ,Hi, . . . ,Hn]. In addition if He1 and He2 are equienergetic then
G[H1,H2, . . . ,He1, . . . ,Hn] andG[H1,H2, . . . ,He2, . . . ,Hn] are also equienergetic.

Proof. As H1,H2, . . . ,Hi , . . . ,Hn are regular graphs,
⋃n

i=1V(Hi) is an equitable par-
tition of G[H1,H2, . . . ,Hi, . . . ,Hn]. The quotient matrix corresponding to the equi-
table partition ofG[H1,H2, . . . ,Hi , . . . ,Hn] for Hi = He1 and forHi = He2 is same
and can be written as

Q=



















r1 a12k2 · · · a1iki · · · a1nkn

a21k1 r2 · · · a2iki · · · a2nkn
...

...
. ..

...
. ..

...
ai1k1 ai2k2 · · · r i · · · ainkn

...
...

. ..
...

. ..
...

an1k1 an2k2 · · · aniki · · · rn



















,

where

ai j =

{

1 if vi andv j are adjacent inG

0 otherwise.

Therefore by Theorem 3.2,

Spec(G[H1,H2, . . . ,He1, . . . ,Hn])

=
n⋃

j=1
j 6=i

[Spec(H j)\{r j}]∪ (Spec(He1)\{r})∪Spec(Q).

Therefore

E (G[H1,H2, . . . ,He1, . . . ,Hn])

=
n

∑
j=1
j 6=i

[E(H j)− r j ]+E(He1)− r +E(Q).
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Similarly we can get

E (G[H1,H2, . . . ,He2, . . . ,Hn]) =
n

∑
j=1
j 6=i

[E(H j)− r j ]+E(He2)− r +E(Q).

SinceHe1 andHe2 are equienergetic, the result follows.

In addition if He1 andHe2 are equienergetic thenG[H1,H2, . . . ,He1, . . . ,Hn] and
G[H1,H2, . . . ,He2, . . . ,Hn] are also equienergetic. The proof follows with the same
equitable partition by incorporating the following changes:

ai j =

{

1 if vi andv j are adjacent inG

0 otherwise,

with ki − r i −1 as diagonal entries in the above quotient matrixQ for 1≤ i ≤ n.

Hence

E

(

G[H1,H2, . . . ,He1, . . . ,Hn]
)

=
n

∑
j=1
j 6=i

[

E(H j)− (k j − r j −1)
]

+E(He1)− (k− r −1)+E(Q)

and

E

(

G[H1,H2, . . . ,He2, . . . ,Hn]
)

=
n

∑
j=1
j 6=i

[

E(H j)− (k j − r j −1)
]

+E(He2)− (k− r −1)+E(Q).

SinceHe1 andHe2 are equienergetic, the result follows. �

Corollary 3.2. Let G be any graph of order n. If He1i and He2i are equiener-
getic graphs of the same order ki and of the same degree ri , i = 1,2, . . . ,n, then
G[He11,He12, . . . ,He1n] and G[He21,He22, . . . ,He2n] are equienergetic.

Proof. As Heji is a regular graph forj = 1,2 and 1≤ i ≤ n, the partitions⋃n
i=1V(He1i ) and

⋃n
i=1V(He2i ) are equitable partitions ofG[He11,He12, . . . ,He1n] and

G[He21,He22, . . . ,He2n] respectively. The quotient matrix corresponding to these eq-
uitable partitions is the same and can be written as

Q=



















r1 a12k2 · · · a1iki · · · a1nkn

a21k1 r2 · · · a2iki · · · a2nkn
...

...
. ..

...
. ..

...
ai1k1 ai2k2 · · · r i · · · ainkn

...
...

. ..
...

. ..
...

an1k1 an2k2 · · · aniki · · · rn



















,
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where

ai j =

{

1 if vi andv j are adjacent inG

0 otherwise.

Therefore by Theorem 3.2,

Spec(G[He11,He12, . . . ,He1n]) =
n⋃

i=1

[Spec(He1i )\{r i}]∪Spec(Q).

Therefore

E (G[He11,He12, . . . ,He1n]) =
n

∑
i=1

[E(He1i )− r i]+E(Q).

Similarly we get

E (G[He21,He22, . . . ,He2n]) =
n

∑
i=1

[E(He2i )− r i]+E(Q).

SinceHe1i andHe2i are equienergetic, the result follows. �

Remark3.1.
(1) In Corollary 3.1, ifG= Kn and’,H1,H2, . . . ,Hi, . . . ,Hn with Hi = He1 and

Hi = He2 are such thatk1− r1 = k2− r2 = · · ·= k− r = · · ·= kn− rn = p and
k1+k2+ · · ·+k+ · · ·+kn = s, then G[H1,H2, . . . ,He1, . . . ,Hn] and
G[H1,H2, . . . ,He2, . . . ,Hn] are of orders and of degreet = s− p with E(Q) =
t +(n−1)(s− t). This way of construction enables us to construct a family of
regular equienergetic graphs.

(2) If the conditions in the above remark are not satisfied, weget a family of non-
regular equienergetic graphs.

(3) The proposed method of construction given in Theorem 3.4leads to a fam-
ily of co-spectral as well as non co-spectral equienergeticgraphs when a pair
(He1,He2) of co-spectral or non co-spectral equienergetic regular graphs of the
same order and of the same degree are considered.

(4) Propositions 3.1 and 3.2 are particular cases of Corollary 3.1.

ACKNOWLEDGEMENT

All authors are thankful to referees for their helpful suggestions. H. S. Ramane was
partially supported by University Grants Commission (UGC), New Delhi through
the SAP Programme UGC-SAP DRS-III, 2016-2021: F.510/3/DRS-III/2016 (SAP-
I). D. Patil was partially supported by Karnataka Science and Technology Promo-
tion Society, Bengaluru throgh the fellowship No. DST/KSTePS/Ph.D Fellowship/
OTH-01:2018-19. K. Ashoka was partially supported by Karnatak University,
Dharwad through URS fellowship No. URS/2019-344.



20 HARISHCHANDRA S. RAMANE, DANESHWARI PATIL, K. ASHOKA ANDB. PARVATHALU

REFERENCES

[1] C. Adiga and B. R. Rakshith,On spectra of variants of the corona of two graphs and some new
equienergetic graphs, Discuss. Math. Graph Theory, 36 (2016), 127–140.

[2] A. Ali, S. Elumalai, T. Mansour and M. A. Rostami,On the complementary equienergetic
graphs, MATCH Commun. Math. Comput. Chem., 83 (2020), 555–570.

[3] R. Balakrishnan,The energy of a graph, Linear Algebra Appl., 387 (2004), 287–295.
[4] A. S. Bonifácio, C. T. M. Vinagre and N. M. M. de Abreu,Constructing pairs of equienergetic

and non-cospectral graphs, Appl. Math. Lett., 21 (2008), 338–341.
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[7] D. Cvetković, P. Rowlinson and S. Simić,An Introduction to the Theory of Graph Spectra,

Cambridge University Press, Cambridge, 2010.
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